Abstract. In this paper, we construct certain analogues of the Arakawa-Kaneko zeta functions. We prove functional relations between these functions and the MordellTornheim multiple zeta functions. Furthermore we give some formulas among MordellTornheim multiple zeta values as their applications.
Introduction
Let Z be the rational integer ring, N the set of natural numbers, N 0 = N ∪ {0}, Q the rational number field and C the complex number field. We denote n repetitions of m by {m} n for m, n ∈ N and r-tuple unordered pair of {k 1 The sum on the right-hand side of (2) converges absolutely when
Matsumoto proved that this function can be continued meromorphically to the whole C r+1 -space in [4] and [5] . This zeta function in the double sum case was first studied by Tornheim [10] for the values at positive integers in 1950s. He gave some evaluation formulas for ζ MT , 2 [6] independently proved that ζ MT ,2 (k, k; k)π −3k ∈ Q for all even k ≥ 2. Tsumura [11, Theorem 4.5] and Nakamura [7, Theorem 1] showed certain functional relations among the Mordell-Tornheim double zeta functions and the Riemann zeta functions.
In this paper, for k ∈ N r , we first define the function 
This can be proved by the method similar to the proof of [1, Theorem 8] . Secondly, we show certain relation formulas among Mordell-Tornheim multiple zeta values (see Corollary 9) . For example,
(3) had been obtained in [9, Theorem 5] . Lastly, we consider a generalization of main results (see Theorem 15).
Preliminaries
We first construct a Mordell-Tornheim type analogue of ξ(k 1 , k 2 , . . . , k r ; s) and continue it analytically to an entire function. We define {C
for all k ∈ N, we can define the following function.
where (s) is the gamma function.
The integral on the right-hand side of (5) converges absolutely uniformly in the region
the function ξ([k]; s) can be continued analytically to an entire function, and satisfies
where C is the contour which goes from +∞ to a efficiently small ε > 0 along the positive real axis (top side), goes round counterclockwise along the circle C ε centered at 0 with radius ε, and goes back to +∞ along the positive real axis (bottom side). We note that t s means e s log t , where (t) varies 0 (on the top side of the positive real axis) to 2π (on the bottom side). Since the integrand has no singularity on C and the contour integral converges absolutely for all s ∈ C, we can see that 
Under the above condition, the sum on the right-hand side of (7) converges absolutely uniformly. We note that
Using Lemma 4 and calculating directly, we obtain Proof. By ξ 1 (s) = sζ(s + 1) and Proposition 5, we obtain the assertion.
Since ξ(∅; s) = ζ(s),

Main results
In this section, we give main results. We first prepare the following lemma which is necessary to show the first and second main results. 
Proof. Using the well-known relation
Changing the order of summation and integration is justified by absolutely convergence. Therefore we complete the proof.
Using Lemma 7, we have the first main result as follows. 
Proof. For s ∈ C with (s) > 0, we let
.
we have
On the other hand, by Lemma 
By the analytic continuation, we obtain the desired identity.
By Theorem 8 and Proposition 5, we immediately obtain the second main result as follows.
Next, in order to evaluate ζ MT ,2k+1 (2, {1} 2k ; 1), we quote [2, (75)]: REMARK 10. We note that (9) also holds for a = 1 providing we remove the term containing ζ (1) .
Combining (9) and Corollary 9 in the case r = 1, we have the third main result as follows.
These results correspond to [1, Theorems 6, 8, 9 and Corollary 11] . Results in [1] 
A generalization of the function ξ([k]; s)
In this section, we consider a certain generalization of the function ξ([k]; s) and aim to generalize Theorem 8.
By the definition (7), for
and
Using (10) and (11), we can define the following function.
for (s) > 1. On the other hand, by Lemma 7, we have Therefore we complete the proof.
REMARK 18. In particular, combining Corollary 6, Theorem 15 in the case g = 2 and Proposition 17 in the case g = 2, we have the Euler decomposition (cf. [1] ). 
